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Abstract-An elastic wedge of interior angle K1T, where I < K ,; 2, is subjected to the impact of spatially
uniform pressures on its faces. The application of the pressures produces a system of longitudinal waves,
transverse waves and head waves. In this paper the elastodynamic stress singularity in the circumferential
stress at the vertex of the wedge is analyzed. The analysis is based on self-similarity of tirst-order time
derivatives of the displacement potentials. By means of appropriate transformations the statement of the
problem is reduced to two Laplace's equations, whose solutions in half-planes are coupled along the real
axes. The solutions to this system are obtained by using elements of analytic function theory, together with
summations over Chebychev polynomials along the real axes.

I. INTRODUCTION

The elastic wedge of vertex angle K7T, where K# I, which is subjected to stress boundary
conditions on its faces, so far has resisted all attempts to obtain analytical elastodynamic
solutions. An excellent review article, which discusses various mathematical techniques that
have been tried with limited success, was written by Knopoff[I]. The kind of elastodynamic
problems that have been solved successfully for the wedge geometry, are for mixed boundary
conditions on the faces, i.e. when one displacement component and one stress component dre
prescribed, see e.g. Refs. [2-4]. The difficulty is, that an integral transform which can
accommodate stress boundary conditions, does not exist.

For the quarter plane there have been numerical approaches by finite difference methods, see
e.g. [5]. It is presumably also possible to obtain numerical results by the finite element method,
but it remains obviously desirable to have a method of solution which is essentially analytical,
and which, if necessary, uses numerical work only if' the very last stages.

In this paper we take advantage of the self-similarity of ceitain field variables for certain
boundary conditions, to reduce the problem of the transient respon.~;; of a wedge to the solution
in half-plane regions of a set of two Laplace's equations which govern the first-order time
derivatives of the displacement potentials. The solutions to these Laplace's equations are
coupled along the real axes of the half-planes, by conditions which stem from the conditions
along the faces of the wedge and along the \I'avefronts. The solutions are obtained by using
complex function theory in conjuction witl. summations over Chebyshev polynomials. Special
attention is devoted to the comput~.tion of an elastodynamic stress intensity factor for the
circumferential stress at the vertex.

2. FORMULATION OF THE PROBLEM

A spatially uniform pressure is applied to the faces of a solid wedge of vertex angle K7T,

while the faces remain free of shear stresses. The surface pressure generates a state of
elastodynamic plane strain, which is described by displacement components u,(r, 8, t) and
u8(r, 8, t), and stress components T,(r, 8, t), T8(r, 8, t) and T8,(r, 8, t). The system of polar
coordinates is fixed at the vertex of the wedge, such that 8 = 0 is the bisector of the vertex
angle. The geometry is shown in Fig. I. In this paper we let I < K :s 2. The cases K = I and K = 2
correspond to a half-plane and a plane with a semi-infinite slit, respectively.

The material of the wedge is homogeneous, isotropic and linearly elastic. A complete
statement of the equations governing elastodynamic problems is given in [6]. Here it should
suffice to state that in the usual manner the displacement components are expressed in terms of
displacement potentials as
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Fig. I. Pattern of wavefronls in an elastic wedge, due to impulsive uniform pressure on the faces.

where <per. 8, t) and !/J(r, 8. t) satisfy uncoupled wave equations

(2.2)

(2.3)

(2.4)

The boundary conditions are taken as

TSr = 0

(2,5)

(2.6)

where 8(t) is the Dirac delta function. which is selected for convenience. The respO:lse to
pressure of more general time variation can be obtained later by superposition considerations.
The wedge is initially at rest. i.e.

t < 0 ur(r, 8. t) = ur(r. 8, t) =" 0

USer, 8, t) "" user. 8. t) =" O.

(2.7)

(2.8)

The pattern of wavefronts is shown in Fig. I. The surface pressures generate plane
longitudinal waves with wavefronts GO and HH, while the vertex gives rise to cylindrical
longitudinal and transverse waves. DHFGB and CDFBA, respectively. In addition, there are
headwaves in the triangular regions COD and ABB.

3. SELF·SIMILAR SOLUTIONS

For a wedge subjected to surface stresses given by eqns (2.5) and (2.6), there is no
characteristic length in the geometry, nor is there a characteristic length in the boundary
conditions. It can then be expected that certain derivatives of the field variables are self-similar.
This means that they depend on r/t and fJ, rather than on r, 8 and t, separately. Self-similar
solutions in elastodynamics were discussed in [7-10] and [6, p. 154]. The transient response of a
wedge in antiplane strain was analyzed on the basis of self-similarity in [II]. For the boundary
conditions given by eqn (2.5) the displacement components u, and Us, and the time-derivatives
of the potentials ¢ and dJ are self-similar.
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The appropriate self-similar solutions are obtained by introducing the new variable

s = r/t.

The equations governing ¢(s. 6) and tfr(s. 6) then follow from eqns (2.2) and (2.3) as

In terms of sand 6 the particle velocities are

1\59

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

Similarly, by substituting the displacement potentials in Hooke's law, and taking derivatives
with respect to time. we find after introducing s = r/ t, and integrating with respect to s:

2 2 •

rCT 78 = _ [I _ 2 (cr) ]L 041 +2 CT 01/1
J.I. S CT AS s 86

2 2 •

reT 7 = -2 CT 041 - [I - 2 (CT) J!- 81/1.
J.I. rlJ s 86 S CT 8s

(3.6)

(3.7)

Let us now return to the governing equations for 41 and tfr. and note that (3.2) and (3.3) are
elliptic for s :5 CL and s :5 CT. respectively. By using the Chaplygin transformation

cosh fh = cJs.

Equation (3.2) reduces to Laplace's equation

Similarly, the transformation

cosh fJr = cr/s

reduces eqn (3.3) to

For s > CTo the transformation

cos aT = cr/s

reduces eqn (3.3) to the wave equation

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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The transformations (3.8) and (3.10) map the cylindrical regions in the physical plane
(-(I/2)K'IT:5 8 :5 (I/2)K'IT, S < CI. and .I' < CT) into strips in the 81. - {31. and 8T - (3r planes,
respectively. The subscripts in 81. and 81' are introduced simply for convenience of notation.
The strips are shown in Fig. 2. where the positions of the various points are also indicated. In
these strips, <j; and J, are solutions of Laplace's eqns (3.9) and (3.11), respectively. The
boundary conditions on the strips follow from the conditions in the physical plane. on the faces
of the wedge, and along the wavefronts.

Some of the conditions in the physical plane are simple, and they are immediately
transferable to the corresponding line segments in the strips. Thus, we have <j; = 0 along GFH.
while J, = 0 along Bro. Along BG and DR we have <j; = -ToIp, which is the value correspond
ing to the plane waves. For t > 0 we have T8 = 0 and T8r = 0 along OA and Or. which gives rise
to conditions coupling a<j;/ a{3l. and aJ,/ a81', and aJ,! a{3r and a<j;/ a8L , if the transformations (3.8)
and (3.10) are introduced into eqns (3.6) and (3.7). The conditions along AB, AB, CD and CD
require some more extensive consideration.

In the headwave regions, J, is governed by eqn (3.13). The appropriate solution in region
ABB is

(3.14)

Hence

aJ, = _ aJ,
aa1' a8T '

0.15)

It also follows that (aJ,/ a8rl is constant along lines defined by aT - 8T = constant, which implies
that (aJ,/a8T ) along AB can be linked to (aJ,!a8T ) along AB. We have

(3.16)

oc
-I I

cosh m

I-=- ......+A~---------- 0
-I I

cosh m
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Fig. 2. Regions in the ilL - fJ, and II, - fJT planes after application of Chaplygin's transformation.
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Similarly in region CDD we have

Hence

and (aJ,! aOT) along CD is linked to (aJ,! aOT) along by CD by

1I6!

(3.17)

(3.18)

aJ, (s = St. OT = _! K1T') == aJ, (s = CT, OT = _! K1T + COS-I CT). (3.19)
aOT 2 aOT 2 Sl

Along AB and CD we have 7", = 0 and 7"" = O. By introducing the transformations (3.8) and
(3.12) in eqns (3.6) and (3.7) we find

where

2 2 •
2m cosh fJL aq, + 2 h Q al/! - 0. mcos ~L--
m smh fJL afJL aOT

aq, I - 2m 2 cosh2
{3L aJ,

-2mcoshth-afJ -(I 2 h2Q )1/2-a =0
L - m cos ~L aT

(3.20)

(3.21)

(3.22)

Equations (3.20) and (3.21) can now be used together with eqns (3.15H3.I9) to provide an
equation containing q, only along the segments AB and CD, and an equation containing both q,
and J, along AB and CD. The results are summarized in eqns (3.30) and (3.31).

The solutions to Laplace's equations in the strips, can be written as the real parts of analytic
functions of the complex variables 'YL =(3L + ;8L and 'YT =fJT + ;8T, i.e.

J,(fJT, OT) = Re['I'( 'YT)].

(3.23)

(3.24)

The boundary conditions of the strips can be summarized as follows:
Along tiFiJ, we have fJT = 0 and -(1/2) K1T' + cos- l m < OT < (1/2) K1T - COS-I m and the

boundary condition is

J, = O. (3.25)

Along BO and DH, we have fJL = 0 and (l/2)K1T' - (t/2)1T < OL < (t/2)K1T' and - (t/2)K1T < fh <
-(I/2)K1T + (1/2)1T', respectively, and the boundary condition is

q, = -To/p. (3.26)

Along HFO, we have fJL = 0 and -(1/2)K1T' + (1/2)1T' < OL < (1/2)K1T - (1/2)1T and the boun
dary condition is

q, = O. (3.27)

Along OA and DC, the points are related by OT = OL == ±(1/2)K1T' and cosh {3T == m cosh fh
and we have

2 2 2 •
1- m cosh /3L aq, +2 h Q al/! - 0. mcos ~L--

m smh fJL iJfh a8T

I - 2m 2 cosh2 fJL aJ, aq,
(m 2cosh2 Q _ 1)1/2 aa -2m cosh fJl. aif == O.

~L ~T I.

(3.28)

(3.29)
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Along AB (CD) and AB (CD), the points on AB (CD) are defined by (h = ±(l/2)K1T.

cosh th < l/m,-.vhile the corresponding points on AB (CD) follow from

f3T = O. 9T = ± [~K1T - cos I (m cosh fh) J.
where the + sign holds for AB and AB, and the - sign holds for CD and CD. The boundary
conditions are

ali; + 4m 3 cosh2 f3L sinh f3dl- m2 cosh2 fJd/2 ali; = 0
afJL - (I - 2m 2cosh2 fJd a9L

a.jJ =+ 2m cosh fJd I - m2 cosh2 fJd/2 ali; = 0
a9T 1- 2m 2cosh2 fJL a9L '

(3.30)

(3.31)

4. CONFORMAL MAPPING

It is not possible to obtain directly analytic functions <1>( 'Yd and '1'( 'YT), whose real parts
satisfy the boundary conditions given by eqns (3.25H3.3l). We will, therefore use a conformal
mapping, to map the 'YL and 'YT-planes on the upper halves of complex (d=~L + iT/d and
(T(=~T + iT/T)-planes, respectively. The boundaries of the strips will be mapped on the real
axes. Appropriate conformal mappings are

(4.la,b)

The complex (L- and (T-planes, and the locations of the points on the real axes are shown in
Figs. 3(a),(b).

In the (L and (T-planes we have

(4.2a,b)

The boundary conditions along the real axes of the (-planes can be obtained by elementary

"7T

Fig. 3. Conformal mappings of strips on half planes.
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manipulations which involve the transformation of derivatives in the 1'-planes into derivatives
in the (-planes. In these manipulations we use

(4.3)

An analogous relation for d(rld1'T can be written by replacing subscripts L by subscripts T. The
boundary conditions are then obtained as:

Along OA and DC, we have m cosh [K cosh- t (l/ltlJ)] = cosh [K cosh- t O/ltTI)], and the
boundary conditions are

Along AB and CD, we have m cosh [K cosh- t O/ltd)) =cos [K cos- t O/ltTI»), and the boun
dary conditions are

iJ¢ + 4m3cosh2 /h sinh Ildl- m2 cosh2 Ildl'2 iJli> _ 0
iJtL - (l - 2m2cosh2Ild iJ1]L -

In these equations the + sign holds for AB, while the - sign holds for CD. The second equation
connects the fields along AB and AB, and along CD and CD. In eqns (4.4}-(4.5) the relation between
ilL and tL is given by

(4.6)

Along the remainder of the real axes we have:

(4.7)

(4.8)

Expressions relating ltd and ItTI are given above. The signs of corresponding tL and tT are the
same, i.e.

Let us define fUL) =dct>/d(L. It can be shown that f«(d has zeros at tL =±to, where

(4.9)

It is now convenient to define

(4.10)

Similarly we define nUT) ::: d'l'/d(n and

(4.11)
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(4.12)

In terms of the functions defined by eqns (4.10) and (4.11), the relations given by (4.4)-(4.8)
can be rewritten as

where

(~M)1. :51~d:5 I: Ko(hlfMd + KMdfMd == 0

(~T):5I: !MlT):=KMdfMd

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

In addition, the relation between Ih and ~L is given by eqn (4.6), while the expressions relating
~L and ~T are stated preceding eqns (4.4) and (4.5). In eqn (4.18) the plus and minus signs hold
for ~l > 0 and ~L < 0, respectively.

5. SINGULARITIES

Since the faces of the wedge are free of tractions, eqns (3.6) and (3.7) yield relations
between the derivatives of ¢ and J, at (J := ±K'TT/2. By employing these relations to eliminate the
derivatives of J" and by using eqn (3.8), we obtain the following expressions for the particle
velocities on the faces of the wedge

rU r := [
2m CT (~_ 1)1/2]-1 iJ¢

s s iJlh
(5.l)

(5.2)

Next iJ¢/iJPL and iJ¢/iJ8L can be expressed in terms of fMd and f2(~d by using eqns (4.3) and
(4.10), and the particle velocities can be rewritten as

(5.3)

(5.4)

Since riJ/at = -s2a/a5, it follows from eqn (5.4) that near the vertex of the wedge, i.e. for small
values of both s and ~L, we have

(5.5)
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In Appendix A it has been shown that u, oc sP as s-+O, where p is the solution of eqn (AIO).
For small s and small ~L, the conformal mapping given by eqns (4.la,b) yields s oc I~d".

Combining the result we find

(5.6)

In addition to singularities at the vertex, the functions rMd and rMd have singularities at
the points G and H, where the plane waves are matched to the cylindrical waves, see Fig. I.
Moreover, we expect singularities at points s = CR, i.e. at the points propagating with the
velocity of Rayleigh waves. It is assumed that rMd and {MfT) have simple poles at these
points. which implies that r Md and fi2(fT) contain Dirac delta functions. In the sequel it will
be shown that the singularities at s = CR are compatible with the system of governing integral
equations. For the limit case of K = 2, which corresponds to a crack in an unbounded medium,
an analytical solution can be obtained, and the presence of these singularities can be verified.

In Appendix B it is shown how to construct an analytic function f*«(d whose real part
vanishes on the real axis for I~d ;;:: I, and whose imaginary part has the singular behavior on the
real axis shown by eqn (5.6). On the real axis this function is

(5.7)

where

(5.8)

In eqns (5.8) and (5.9) ~(.,.) is the Beta function, and F(.,.;.;.) is the "ordinary"
Hypergeometric function[13]. Similarly an analytic function fi*(fT) can be constructed, so that
the imaginary part vanishes on the real axis for IlfTI;;:: 1, and the real part shows the singular
behavior on the real axis given by eqn (5.6). This function is

where

fiT(;) ={n(fT)(l- fl)I/2; I{TI S 1
!>I 0; I~TI;;:: 1

_{ -fl(fT)(1- fT2)1/2; IfTil S 1
fi!(fT) - -n(fT)sgn (fT )(fl- 1)1/2; IfTI;;:: l.

(5.10)

(5.11)

(5.12)

6. METHOD OF SOLUTION

The solution of the system of eqns (4.13H4.l5) will be obtained by separating the singular
parts of rMd and fiMr), and by expanding the non-singular parts in terms of Chebyshev
polynomials of the second kind. On the basis of the observations on the singularities, stated in
Section 5, fMd can be expressed in the following form

N

fMd =(I-fL
2
)1/1 f-1 P1U21-ML) + Bfl(~d+A1T{8[~L -UR)Ll- 8[~L+ (~RkJ)

+[~o2- (Eo)lrl{8[fL - Uo)d- 8{~L+ Uo)dl. (6.1)
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Where U2i-Md are Chebyshev polynomials of the second kind, and Pi, A and B are as yet
unknown constants. The function f 2({d can be obtained by writing the Hilbert transform of the
non-singular parts of fMd, and by adding the parts corresponding to the remaining terms in
eqn (6.1). These are poles corresponding to the delta functions, and f!({d corresponding to
n({l} Thus we obtain

In this equation T2Md is the Chebyshev polynominal of the first kind. The pertinent relations
between U2i-,({d and h({d, via the Hilbert transform, are given in Ref. [12].

For IlTls I, fit(lT) is related to fMd by eqn (4.15), while fi.(lT)=o for IlTI~ I. The
singularities of fi.(lT) are, therefore, of the same kind as those of f 2(~d. The singular nature at the
points defined by s = CR can be expressed by

(6.3)

where

IlTls 1

I{TI ~ 1.

(6.4)

(6.5)

The function fi,(lr> can then be expressed as

M

fi.(lT) = (l-ll)J/2 ~ OiU2i-2(lT) + ACA,(lT) + BDfiT(lT)'
;-=-1

(6.6)

Here fif(lT) represents the singular behavior at the vertex. It follow3 that fi2(lT) is of the form

M

fi 2(lT) =~ OiT2i-,(lT) + ACA2(lT) + BDfi!(lT)'
;=1

(6.7)

We are now ready to substitute the expressions for f 2({d, see eqn (6.2), and fi\(lT), see eqn
(6.6), into eqn (4.15). The resulting equation first yields expressions for C and D. by the
requirement that the contributions at the singular points in the range IlT lsI from f 2({d and
fi.(lT), respectively, must cancel each other. We find

(6.8)

(6.9)

Next the same equation can be used to express the coefficients Qj in terms of Pi, A, B, C and D
by multiplying the equation by (2/1T) U2j-2(lT), and integrating over IT in the range (-1, I). The

result is

N

OJ = ~ Pia;j + Abj + BCj + dj j = 1,2, ... , M
;=1

(6.11)
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(6.12)

(6.13)

(6.14)

(6.15)

The integrals in eqns (6.12H6.15) can be evaluated using quadrature formulas.
Equation (4.13) and (4.14) can be combined into one equation in the range I~d ~ 1, by

defining KMLl-O for (~M)LSI~dsl, and KMd=O for l~d~(~M)Lo The expressions for
f\(fd, f2(~Ll and o~l·r>, given by eqns (6.1), (6.2) and (6.4), respectively, can then be
substituted. In the resulting equation, which holds in the range l~d s 1, the 6-functions at the
Rayleigh points cancel each other identically. The terms representing the singUlar behavior at
the vertex also cancel at the point corresponding to the vertex. These results show the
compatibility of the chosen singularities with the system of equations. Next the OJ's, given by
eqn (6.11) are substituted in the equation formed by combining (4.13) and (4.14). The resulting
equation is mUltiplied by (2111')U2k-MLl, and the product terms are integrated over fL in the
range (-1, I). This results in the folIowing system of equations

where

N

~ Pjta: +AI. +Bgk +hK = O. k == 1,2, ..., N
f;;1

(6.16)

(6.18)

gk ==*fl [KO<fLlfT(fL) +KMd{O!(lr) +~ cjT2j- t(lr) }+K2(fLlf!(fLl] U2k-MddfL
(6.19)

(6.20)

Equation (6.16) represents a system of N equation in (N +2) unknowns. Thus, two
additional equations are needed to complete the formulation. These equations are obtained by
observing that the analytic functions 4>«(Ll and 'I'«(r) should vanish uniformly at infinity in
upper half planes. The required relations can be obtained by considering the behavior of n(d
and O«r) along the real axis. On the basis of eqn (4.10), we conclude fMd= O(t'L-2- d1 ) as
Ifd-+ oo, where d\> 1, while eqn (4.11) yields ~lT)= O(lT-Itz ) as Ilrl-+ lXl, where d2 > 1. Thus in
the expansions of f~t'd the coefficient of lItL2 must vanish, while in the expansion of ~lr),
the coefficient of 11fT must vanish. Then, using eqns (6.2) we obtain

SS Vel. 13 No. ll-K

P +8(f )LA +4B sin (q11'/2) ~ (! 2 - q) ! ({ok = 0
1 R 11'(3-q) 2' 2 +11't02-UGk2 (6.21)
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Similarly. eqn (6.4) yields
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Equations (6.16). (6.21) and (6.22) represent a system of N + 2 simultaneous linear algebraic
equations in N + 2 unknowns, namely, Pi (i = I, ... , N), A and B. The system can be solved on
a digital computer using standard library routines.

7. STRESS INTENSITY FACTOR

At the vertex of the wedge. a stress intensity factor K for the circumferential stress. may be
defined as

K =lim {[ tT6(S. 9) (-!-) I-V] }.
,--+0 To C1' 6~0

0.1)

In Appendix A, the circumferential particle velocity on the faces of the wedge is expressed in
terms of K. see eqn (Al3). Here we will use eqn (Al3) to compute K.

An expression for ruJs2 (which equals -aullas) is given by eqn (5.4). Near the vertex of the
wedge, i.e. for ~l. .... O. we find

Equations (5.9) and (6.2) give for ~L .... O

~LrMd ~ - BI~d I-q cos (1TqI2).

From the mapping defined by eqn (4.la) we obtain near the vertex

(
m)I/K ( S )I/K

~1~2 - -.
2 (1'

Thus. eqn (7.2) can be rewritten as

aU61 TO ~o2(2K-1 )1,-IB (1Tq) ( S )V"I- ~ - - - m cos - -
as 6~K"f2 21L K 2 (1'

(7.2)

0.3)

(7.4)

(7.5)

where the relation q = -K(p - I) + I has also been used. Comparing eqns (7.5) and (A 13) we
conclude

K =_B~02(1- p)( 1- m2) sin (K1T12) sin (pK1TIZ) cos (q1T12)
K(Z" 1m)' P sin[(l+p)K1TIZ]cos[(1-p)K1T12j'

(7.6)

8. RESULTS

In this paper we are particularly interested in the nature and the strength of stress
singularities at the vertex of the wedge. In general, these stress singularities are of the form
(SIC1')P-l. For the in-plane problem with stress boundary conditions, which is considered in this
paper, the singularity of T6 follows from eqn (7.1). where p is the solution of eqn (AlO). For a
wedge subjected to surface tractions of the form T6z = Toe5(t), the shear stress T6z near the
vertex is given by eqn (35) of [11]. For this case of antiplane strain we have p = 11K. For
in-plane mixed conditions defined by T6 = -Toe5(t) and Ur = 0 at 0 = ±K1TIZ, the singularity at the
vertex can be analyzed by the method discussed in Appendix A. The coefficient p then is the
solution of cos [(p + I)K1TIZ] cos [(p - I)K1T/Z] = 0, and we find for the lowest physical accept
able root p = 3/K - I. the singularity factors p - I for the three cases discussed above, are
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Fig. 4. Singularity coefficients for three loading conditions.

Fig. 5. Elastodynamic stress intensity factor versus the wedge angle.

plotted versus K in Fig. 4. It is noted that the stress singularity is strongest for the case
examined in this paper, for which the surface tractions are defined by eqns (2.5) and (2.6).

The elastodynamic stress intensity factor defined by eqn (7.1) is plotted in Fig. 5, for various
values of the wedge angle. It is noteworthy that K decreases as K approaches K =2, at least in
the range of I( considered here. The case I( = 2 corresponds to a crack in an unbounded solid.
The singularity disappears altogether as I( = 1 in the limit. For K slightly larger than unity the
method of computation used in this paper shows some instabilities, which indicates that a separate
approach is needed to consider the limitcase K ... I. It is of interest to list the corresponding K's for
antiplane strain, and for mixed conditions. For antiplane strain, i.e. 1',% =1'08(t) at 8 =± 1(11'/2, we
find from [11]

4 (1)"KK = 11'1( 2 sin (11'/21e) (8.1)

For mixed conditions, i.e. 1', =1'08(t) and u, =0 at 8 =±1e11'/2, we find

(8.2)

The stress intensity factor for antiplane strain decreases as Ie increases from one to two, while
the stress intensity factor for the mixed conditions increases with increasing Ie in that range.

AcknQwledgemmt-The work reported here was carried out in the course of research sponsored by the National Science
!:oundation under Grant No. ENG 70-61465 A02 to Northwestern University.

REFERENCES
I. L. Knopoff, Elastic wave propaption in a wedge. Wave Propagation in Solids (Edited by J. Miklowitz). The American

Society of Mechanical Engineers, New York (1969).
2. B. V. Kostrov, Diffraction of a plane wave by a smooth rigid wedge in an unbounded elastic medium in absence of

friction. Applitd Mathematics and Mechanics (PMM) 30, 244 (1966).
3. S. H. ZemeD, Diffraction of elastic waves by a rigid-smooth wedge. SIAM J., of Appl. Matla. 19, 582 (1975).



1170 1. D. ACHEl'BACH and R. P. KHETAN

4. S. M. Kapustianskii. On an exact solution of the problem of elastic wave diffraction by a wedge. Applied Mathematics
and Mechanics (PMM) 40. 190 (1976).

). M. Ziv. SBC quater plane subjected to a transient P wave and its diffraction at grazing incidence. 1. Acoust. Soc.
America 60.9 (1976).

6. J. D. Achenbach. Wave Propagation in Elastic Solids. North-Holland/American Elsevier. Amsterdam/New York
(1973).

7. J. W. Miles. Honogeneous solutions in elastic wave propagation. Quan. Appl. Math. XVIII. 37 (1%0).
8. J. C. Thompson and A. R. Robinson. Exact Solutions of Some Dynamic Problems of Indentation and Transient

Loadings of an Elastic Half-Space. Civil Eng. Studies. Structural Res. Ser. No. 350. Univ. of Illinois. Urbana (1969).
9. J. R. Willis. Self-similar problems in elastodynamics. Phil. Trans. Roy. Soc. (London) 274. 435 (1973).

10. G. P. Cherepanov and E. F. Afansev. Some dynamic problems of the theory of elasticity-A review. Int. 1. Engnli Sci.
12.6M (1974).

11. J. D. Achenbach. Shear waves in an elastic wedge. Int. 1. Solids Structures 6. 379 (1970).
12. F. Erdogan. G. D. Gupta and T. S. Cook. Numerical solution of singular integral equations. Methods of Analysis and

Solutions of Crack Problems (Edited by G. C. Sih). Noordhoff. Leyden (1973).
13. I. N. Sneddon. Special Functions of Mathematical Physics and Chemistry. Oliver and Boyd. Edinburgh (1956).
14. S. ~. Karp and F. C. Karal. Jr.. The elastic-field hehavior in the neighborhood of a crack of arbitrary angle.

Communications on Pure and Applied Mathematics XV. 413 (1962).

APPENDIX A
Asymptotic behavior at the renex

For elastostatic problems the elastic-field behavior in the neighborhood of the vertex of a wedge-shaped void was
analyzed by Karp and Karal[14]. In this appendix we follow essentially the same procedure for a self-similar elasto
dynamic field.

Introducting .I = rtt in the elastodynamic displacement equations of motion in polar coordinates. we obtain

The stress components are

a[ ,au,]- s-as as
(AI)

(A21

(A3)

(A4)

where m2 is defined by eqn (3.22) as m2 = c/lcl.'·

For the problems considered in this paper, the displacement components depend on s only. We then assume that for
sufficiently small .I, i.e. in the immediate vicinity of the vertex. the leading terms of the displacement components are of the
forms

u,(s. 8) :" sPfUJ)

u.(s. 8) = s"g(8).

(A5)

(A6)

Substituting for u, and u, in eqns (A I) and (A2), and retaining terms oforder sP ·2 only. we find two coupledordinary differential
equations for /((1) and g(8). Except for dilferent symbols for m2 and p. these equations are just the same as eqns (7) and (8) of
Ref. [14]. Appropriate solutions for /(6) and g(8), which correspond to symmetric displacements relative to 8 = O. i.e.
u,(s. 8) = u,(s. -1/), and u,(r, 8) =-u.(r, -8). are

f(8) = Acos (I + p)8 + C cos (1- p)8

fi(lI) = -A sin (I +p)1I - pC sin (1- p)8

where A and C are unknown constants, and

(A7)

(A8)

(A9)m2(1 p)+(I+p)
v=(1 p)+m'(I+p)'

The stresses T. and T can now be expressed in terms of /(6) and g(6) by using eqns (A3HA8). These expressions contain
p as a still unknown'~arameter. Now we introduce the condition that the stresses T, and T,~ vanish on the faces o~ the
wedge. i.e. at 8 = :t:K1/'/2. This condition yields two algebraic equations for A and C. The reqwrement that the determtnant
of the coefficients must vanish results in the following equation relating p and K:

sin PIC'If +sin K1/' = 0
PIC1/' 1C'If

(AIO)

At the vertex of the wedge. a stress intensity factor K for the circumferential stress is defined by eqn (7.1). By using
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(A3) and (MHA8), we find after eliminating C in favor of A

K = _ 4pKA sin (K1T/2) sin (pK1T/2)
TO(CT)'-' cos [(1- p)K1T;2j .

Another useful ex.pression is au,Jas on the face of the wedge. which is defined by 8 =K1T/2. Near the vertex. we find

1171

(All)

au I 2As"'.
::..:.fa - - (1_ )(1_ 7)' SIn [(I + p)K1T/2).

s B-Kfr/2 P m

Eliminating A from eqns (All) and (AI2) we obtain

~I KTofp. sin [( I +P)K1T/2j cos [( I - p)K1T/2] ( s ). ,
as 8-..12 - (1- p)(1 - m2) 2sin (K1T/2) sin (pK1T/2) C;

APPENDIX B

Analytic functions with prescribed singularities
Let us first consider an analytic function X({t) of the form

x({d = -i(l- (L1)'''({/ e-i~/2)q.

On the real ax.is we have

where

Nex.t we consider another analytic function X·({L)' such that, on the real ax.is we have

where

Then, x~(ft) can be obtained by taking the Hibert transform of xt(fd. i.e.

which gives

(
1 2- q)

_fi 2'-2 F(Ii=..!.q+2 t2 ) .. (Q1T).
1TQ • 2 . 2 •St. SIn 2 .

We can now construct the desired analytic function P({L) as

Another analytic function which we need in this paper is defined as

(AI2)

(AI3)

(BI)

(82)

(B3)

(B4)

(B5)

(B6)

(B7)

(B9)

(BIO)


