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Abstract—An elastic wedge of interior angle x7, where 1 <« =<2, is subjected to the impact of spatially
uniform pressures on its faces. The application of the pressures produces a system of longitudinal waves,
transverse waves and head waves. In this paper the elastodynamic stress singularity in the circumferential
stress at the vertex of the wedge is analyzed. The analysis is based on self-similarity of first-order time
derivatives of the displacement potentials. By means of appropriate transformations the statement of the
problem is reduced to two Laplace’s equations, whose solutions in half-planes are coupled along the real
axes. The solutions to this system are obtained by using elements of analytic function theory, together with
summations over Chebychev polynomials along the real axes.

1. INTRODUCTION

The elastic wedge of vertex angle i, where x# 1, which is subjected to stress boundary
conditions on its faces, so far has resisted all attempts to obtain analytical elastodynamic
solutions. An excellent review article, which discusses various mathematical techniques that
have been tried with limited success, was written by Knopoff(1]. The kind of elastodynamic
problems that have been solved successfully for the wedge geometry, are for mixed boundary
conditions on the faces, i.e. when one displacement component and one stress component are
prescribed, see e.g. Refs. [2-4]. The difficulty is, that an integral transform which can
accommodate stress boundary conditions, does not exist.

For the quarter plane there have been numerical approaches by finite difference methods, see
e.g. [5]. It is presumably also possible to obtain numerical results by the finite element method,
but it remains obviously desirable to have a method of solution which is essentially analytical,
and which, if necessary, uses numerical work only ir the very last stages.

In this paper we take advantage of the self-similarity of ceitain field variables for certain
boundary conditions, to reduce the problem of the transient responsc of a wedge to the solution
in half-plane regions of a set of two Laplace’s equations which govern the first-order time
derivatives of the displacement potentials. The solutions to these Laplace’s equations are
coupled along the real axes of the half-planes, bv conditions which stem from the conditions
along the faces of the wedge and along the wavefronts. The solutions are obtained by using
complex function theory in conjuction witl summations over Chebyshev polynomials. Special
attention is devoted to the computation of an elastodynamic stress intensity factor for the
circumferential stress at the vertex.

2. FORMULATION OF THE PROBLEM

A spatially uniform pressure is applied to the faces of a solid wedge of vertex angle «m,
while the faces remain free of shear stresses. The surface pressure generates a state of
elastodynamic plane strain, which is described by displacement components u,(r, 8,t) and
ug(r,0,t), and stress components 7.(r,8,1), 74(r,0,t) and 7,(r,8,t). The system of polar
coordinates is fixed at the vertex of the wedge, such that @ =0 is the bisector of the vertex
angle. The geometry is shown in Fig. 1. In this paper we let 1 <« <2. The cases k = 1 and x = 2
correspond to a half-plane and a plane with a semi-infinite slit, respectively.

The material of the wedge is homogeneous, isotropic and linearly elastic. A complete
statement of the equations governing elastodynamic problems is given in [6]. Here it should
suffice to state that in the usual manner the displacement components are expressed in terms of
displacement potentials as

% 1 _lio oy
g ar+r60’ U =730 ar (2.1a.,b)
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Fig. 1. Pattern of wavefronts in an elastic wedge, due to impulsive uniform pressure on the faces.

where o(r, 8, t) and ¥(r, 0. t) satisfy uncoupled wave equations

2 1 s A+2
Ve =pe o= p = (2.2
LI B S
V‘l’*z;i'lh Cr—p (2.3)
V2 - _ai + .I. _‘_3, + -l_ ii 2 4
ar* rar r*ae* (2.4)
The boundary conditions are taken as
!
9= 3:5 KT, T4 = —Ted{1) 2.5)
Tor = 0 {26)

where 8(t) is the Dirac delta function, which is selected for convenience. The response to
pressure of more general time variation can be obtained later by superposition considerations.
The wedge is initially at rest, i.e.

t<0 wlr.8.8)=ul(r.8,0)=0 2.7
ug(r, 69 t) = uo(r, 0. l) E0. (2-8)

The pattern of wavefronts is shown in Fig. 1. The surface pressures generate plane
longitudinal waves with wavefronts GG and HH, while the vertex gives rise to cylindrical
longitudinal and transverse waves, DHFGB and CDFBA, respectively. In addition, there are
headwaves in the triangular regions CDD and ABB.

3. SELF-SIMILAR SOLUTIONS

For a wedge subjected to surface stresses given by eqns (2.5) and (2.6), there is no
characteristic length in the geometry, nor is there a characteristic length in the boundary
conditions. It can then be expected that certain derivatives of the field variables are self-similar.
This means that they depend on r/t and 8, rather than on r, 8 and ¢, separately. Self-similar
solutions in elastodynamics were discussed in [7-10} and {6, p. 154]. The transient response of a
wedge in antiplane strain was analyzed on the basis of self-similarity in [11]. For the boundary
conditions given by eqn (2.5) the displacement components u, and u,, and the time-derivatives
of the potentials ¢ and ¢ are self-similar.
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The appropriate self-similar solutions are obtained by introducing the new variable
s=rnt.

The equations governing ¢(s, 8) and (s, 8) then follow from eqns (2.2) and (2.3) as

In terms of s and 6 the particle velocities are

i, = _.szfa_‘i’= sa_‘p+a_(’l

as as a0
) dug ¢ o

2 04 ¢
=—§t—=——5—,
Tihe s as 08 as
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3.1

(3.2)

(33)

(34

(3.5)

Similarly, by substituting the displacement potentials in Hooke's law, and taking derivatives

with respect to time, we find after introducing s = r/t, and integrating with respect to s:

2 2 . i
Lc_r,,=_[l_2(£z)]_s_éf+zc_rﬂf
73 s

cr 9s s a6
rer =_2£_ra_¢_[1_2(£z)2]s_26_¢?
u'"® s 30 s/ leras

(3.6)

37N

Let us now return to the governing equations for ¢ and ¢, and note that (3.2) and (3.3) are

elliptic for s =< ¢, and s < cr, respectively. By using the Chaplygin transformation
cosh B = cyJs.

Equation (3.2) reduces to Laplace’s equation

3¢ ¢

B2 0?0
Similarly, the transformation

cosh By = cofs
reduces eqn (3.3) to

3%y 3%

PR

For s > ¢y, the transformation
cos ar = Cqfs

reduces eqn (3.3) to the wave equation

azxi:_azdf_o
da” 902

(3.8)

(3.9

(3.10)

@.11)

(3.12)

3.13)
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The transformations (3.8) and (3.10) map the cylindrical regions in the physical plane
(—(1/xkmr =0 <(1/2)xkm, s<c. and s <cr) into strips in the 6, —B; and 6r — B; planes,
respectively. The subscripts in 6; and 6y are introduced simply for conventence of notation.
The strips are shown in Fig. 2, where the positions of the various points are also indicated. In
these strips, ¢ and ¢ are solutions of Laplace's eqns (3.9) and (3.11), respectively. The
boundary conditions on the strips follow from the conditions in the physical plane, on the faces
of the wedge, and along the wavefronts.

Some of the conditions in the physical plane are simple, and they are immediately
transferable to the corresponding line segments in the strips. Thus, we have ¢ =0 along GFH.
while = 0 along BFD. Along BG and DH, we have ¢ = —7,/p, which is the value correspond-
ing to the plane waves. For t >0 we have 7, = 0 and 7,, = 0 along OA and OC. which gives rise
to conditions coupling d¢/3B;. and 8y a6, and ayi3Br and 8¢/af,, if the transformations (3.8)
and (3.10) are introduced into eqns (3.6) and (3.7). The conditions along AB, AB, CD and CD
require some more extensive consideration.

In the headwave regions, ¥ is governed by eqn (3.13). The appropriate solution in region
ABB is

=0 (ar - 0r). (3.14)
Hence
o __
ol (3.15)

It also t:ollows that (¢ 38r) is constant along lines deﬁned_by ar — 6r = constant, which implies
that (3y/30y) along AB can be linked to (3¢/8r) along AB. We have

a./}( 1 aaj/( 1 _,cr)
X (s=5,.0p== =—L(s=cp 0p == xm~ =). 3.16
301 S=8 07 2K7T) aor § =Cq 07‘ 2K7T cOS 5) ( }
8
[
A
K%r g —+ M 0
cosh &
(k-nIte
2 lF
B
(t-)) T LH -
C
o’ "
K3 5 - 0
cosh m
S
A
Xz 0
kT -cos'm}B
F -
Bt
-x% +cos'm |-D
X 0

¢
Fig. 2. Regions in the 8, — B, and @, — B planes after application of Chaplygin's transformation.
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Similarly in region CDD we have

¥ =Quar +07). (317
Hence
o _
807“ - 397' (3.18)

and (3¢/a6;) along CD is linked to (3y/387) along by CD by

i«é(z 21 )z.@_@(_ __1 _,c_,)
28, $=8, 0r 7 K 30, s=cp by 2x1r+cos 5" (3.19)

Along AB and CD we have 7, =0 and 7, = (. By introducing the transformations (3.8} and
(3.12) in eqns (3.6) and (3.7) we find

+2m cosh SL% =0 {3.20)
T

1-2m’cosh’ B; 3¢
m sinh ﬁL aBL

¢ _1=2m’cosh’ B, ay
36, (1—m*cosh? )" dar

-2m cosh B, =( (3.21)

where

m= CT;CL. (322)

Equations (3.20) and (3.21) can now be used together with eqns (3.15}+3.19) to provide an
equation containing ¢ only along the segments AB and CD, and an equation containing both ¢
and ¢ along AB and CD. The results are summarized in eqns (3.30) and (3.31).

The solutions to Laplace’s equations in the strips, can be written as the real parts of analytic
functions of the complex variables y, = 8; + 8, and yr = Br + i8, i.c.

¢(B1. 6.) = Re[P(vy.)] (3.23)
¥(Br, 67)= Re[¥(yr)). (3.24)

The boundary conditions of the strips can be summarized as follows:
Along BFD, we have Br=0 and ~(1/2)kmr+cos ' m< by <(1/2)kmr—cos"'m and the
boundary condition is

¢ =0. (3.25)

Along BG and DH, we have B, =0 and (1/2)k7 — (1/2)7 < 8, <(1/2)xm and ~(1/)xm < 8, <
=(2yxw + (1/2)m, respectively, and the boundary condition is

¢ =—7lp. (3.26)

Along HFG, we have 8, =0 and —(1/2)xn +(1/2)7w < 8, <(1/Dxw — (1/D)7 and the boun-
dary condition is

¢=0. 327

Along OA and OC, the points are related by 8r = 6, = +(1/2)k# and cosh 8y = m cosh B
and we have

+2m cosh B‘% =0 (3.28)

1-2m?cosh® B; a¢
msinhB; 4B,

1-2m’cosh®B; dy
(m* cosh? B, — )™ 9By

—2m cosh ﬁ"b%% =0. 3.29)
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Along AB (CD) and AB (CD), the points on AB (CD) are defined by 6, = +(1/2)xm,
cosh B; < 1/m,while the corresponding points on AB (CD) follow from

Br=0, 6r== [% km —cos ' (m cosh B,_)],

where the + sign holds for AB and AB, and the — sign holds for CD and CD. The boundary
conditions are
3¢ 4m’ cosh’ B, sinh B, (1 — m®cosh® B;)'" 3¢ _
B~ (1-2m*cosh? B, )’ 36,

0 (3.30)

34 _2m cosh B (1 - m?cosh’ B)'? 3¢ _

36; " 1—2m’ cosh’ B, 30, 0. (3.3h

4. CONFORMAL MAPPING

It is not possible to obtain directly analytic functions ®(y.) and ¥(yr), whose real parts
satisfy the boundary conditions given by eqns (3.25)-(3.31). We will, therefore use a conformal
mapping, to map the y, and yr-planes on the upper halves of complex {,(=§ +in.) and
{r(=&r + inr)-planes, respectively. The boundaries of the strips will be mapped on the real
axes. Appropriate conformal mappings are

i——‘cosh (ZL_,'Z)’ L=cosh (Y_r_i1_7>_ (4.1a,b)
K . K

The complex ;- and {r-planes, and the locations of the points on the real axes are shown in
Figs. 3(a),(b).
In the ¢ and {r-planes we have
G(£L. 1) = Rel®()).  $(&r. 1) = Re[¥(Lr)). (4.2a,b)

The boundary conditions along the real axes of the {-planes can be obtained by elementary

A

-(EG)L - _(6“)1_ (E")L !
H DC O A B G

A7

“(&u)y -1 l (Eu)y
5 ¢ 0 a 8

Fig. 3. Conformal mappings of strips on half planes.



Elastodynamic response of a wedge to surface pressures 1163

manipulations which involve the transformation of derivatives in the y-planes into derivatives
in the /-planes. In these manipulations we use

d& _ { ~&5(1-H"" e for =0, |&|=1 “3)
dy.  lilé&(&2- 1"k for n=0, |&|=1. .

An analogous relation for d{/dys can be written by replacing subscripts L by subscripts T. The
boundary conditions are then obtained as:

Along OA and OC, we have m cosh [« cosh™ (1/]&.])] = cosh [« cosh™ (1/]&r])], and the
boundary conditions are

1-2m?cosh’B; 3¢
(m*cosh? B — V2 3¢,

E&r(1- &7 - &(1-&9"2m cosh BL =0
_p 2 l1=2micosh’B; 3¢ e -5
(169 msinhBL 96 2 T Er(t—&r)"2m cosh B ——==0. 4.4)
Along AB and CD, we have m cosh [« cosh™ (1/]&.])] = cos [« cos™" (1/]ér])], and the boun-
dary conditions are

3¢, 4m’ cosh® B, sinh B;_(l m?cosh’ B)'"” 3¢ _ 0
6‘§L (1-2m?cosh’ B8, )* an

i 2m cosh B.(1 - m’ cosh’ B)'” 3¢ _
1-2m®cosh® B, ang

lérl(e? - 1)”’%x £(1- &2 0. 45)

In these equations the + sign holds for AB, while the - sign holds for CD. The second equation
connects the fields along AB and AB, and along CD and CD. In eqns (4.4)-(4.5) the relation between
B. and & is given by

cosh B; = cosh [x cosh™ (1/]&.))]. 4.6)

Along the remainder of the real axes we have:

n=0, l&l=1: "°{6[§L ~(&6)1] -~ 8l&L + (&)L} )
= . 9
nr =0, [é&r|=(bu)r: T 4.8)

Expressions relating |¢;| and |¢7| are given above. The signs of corresponding & and £r are the
same, i.e.

ér(é) = sgn (E)|ér(I€LD]-

Let us define I'({;) = d®/d{;. It can be shown that T'({,) has zeros at & = +§&, where
&= [cosh (« 7 cosh™ (Imv2)] L 4.9)

It is now convenient to define

T, 0)=%(§.3- T + iTAEL)]. (4.10)

Similarly we define }({r) = d¥/d{r, and

Oér, o;=§‘m,<§r)+mz(£rn, @.11)
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where
§_'1‘ = Ed(ém)r. 4.12)

In terms of the functions defined by eqns (4.10) and (4.11), the relations given by (4.4)-(4.8)
can be rewritten as

el <& Kol )Tu&) + Ki€)QuEr) =0 (4.13)
Eeslélsl KLEDTWED + KHEDTH(E) =0 (4.14)
(Er)=1: Q) = K(&)TH&) (4.15)
where
Ko(fL) ={&’ - &7 (4.16)
_ A&~ &D)m’ cosh By sinh B &r(1— &'

K= T coshg -1 BO-&)T @17

_ (& — &7)°m> cosh?® By sinh B (1 — m? cosh? B;)'"* \
Kie) == @mZEcosh® B~ 1) (@18
_ &’ — &)m cosh Br(m® cosh® B; — 1)'? &(1- &' 9
Kle)= 2m* cosh® B ~ | (-7 @

In addition, the relation between B8; and £ is given by eqn (4.6), while the expressions relating
& and &r are stated preceding eqns (4.4) and (4.5). In eqn (4.18) the plus and minus signs hold
for ¢ >0 and £, <0, respectively.

5. SINGULARITIES

Since the faces of the wedge are free of tractions, eqns (3.6) and (3.7) yield relations
between the derivatives of ¢ and ¥ at 8 = +«n/2. By employing these relations to eliminate the
derivatives of ¢, and by using eqn (3.8), we obtain the following expressions for the particle
velocities on the faces of the wedge

2 Hxy-1 .
. cric _\ | e
ni, = [st (—? 1) ] o 6.1)

rig = (1= 2c2ls?)" ;T“’. ¢.2)
1.

Next 3¢/98; and 39/, can be expressed in terms of T',(£,) and T';(§,) by using eqns (4.3) and
(4.10), and the particle velocities can be rewritten as

2p2_ g2 1-£3"2
. %) ZIrz‘gc(j(ocL2 fLs)z)”z & ng - Ti6) 63
o nsfE -6 606"y (5.4)

p 2cr-s° X

Since rafat = —s%3/ds, it follows from eqn (5.4) that near the vertex of the wedge, i.e. for small
values of both s and &, we have

E €)oo ™ L (5.5)

as s-()‘



Elastodynamic response of a wedge to surface pressures 1165

In Appendix A it has been shown that u, « s” as s >0, where p is the solution of eqn (A10).
For small s and smali &, the conformal mapping given by eqgns (4.1a,b) yields s «|&]".
Combining the result we find

Tl )0 €)% q=—-k(p-1+1 (5.6)

In addition to singularities at the vertex, the functions I';(¢,) and I'y(¢,) have singularities at
the points G and H, where the plane waves are matched to the cylindrical waves, see Fig. 1.
Moreover, we expect singularities at points § = ¢g, i.e. at the points propagating with the
velocity of Rayleigh waves. It is assumed that I'y£&,) and (&) have simple poles at these
points, which implies that I',(£,) and Q,(¢7) contain Dirac delta functions. In the sequel it will
be shown that the singularities at s = czx are compatible with the system of governing integral
equations. For the limit case of x =2, which corresponds to a crack in an unbounded medium,
an analytical solution can be obtained, and the presence of these singularities can be verified.

In Appendix B it is shown how to construct an analytic function I'™({,) whose real part
vanishes on the real axis for || = 1, and whose imaginary part has the singuiar behavior on the
real axis shown by eqn (5.6). On the real axis this function is

*(&) =) + iTH&). | 5.7
where
-ql___ 21/2-Q_7_T; S]
n(&)z[sﬂ(&)f&.l (1-&)"sin 2‘ €L 58
0 volad=t
1 12- . - 2
£ a5 ( (5500 (i
S Y ™ o 2-q . 1 &1
pra B (5, T) sin (%-) F(—z—‘-’, 1:5;?) — &l (& - 1) sin (32-75): 6= 1.
5.9
In eqns (5.8) and (59) ®(.,.) is the Beta function, and F(.,.;.;.) is the “ordinary”

Hypergeometric function[13]. Similarly an analytic function Q*(£r) can be constructed, so that
the imaginary part vanishes on the real axis for || = 1, and the real part shows the singular
behavior on the real axis given by eqn (5.6). This function is

O* &) = Q¥ + i0%(ED), (5.10)
where
- T z 1~ £2 112; z <
[ MEA-E &=
060 ={_ryysan @i - 07 et 612

6. METHOD OF SOLUTION

The solution of the system of eqns (4.13)«4.15) will be obtained by separating the singular
parts of I'i(§) and Q,(¢;), and by expanding the non-singular parts in terms of Chebyshev
polynomials of the second kind. On the basis of the observations on the singularities, stated in
Section 5, T';(£,) can be expressed in the following form

N
T&)=0-&H" gl PUy (&) + BTY(&) +An{dléL ~ (&R)] - (&L + (&r)L]}
+&®— (&) T {816~ (€c)1] — 81éL + (&6)L1} 6.1)
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Where U,;_(£1) are Chebyshev polynomials of the second kind, and P, A and B are as yet
unknown constants. The function I';(£&.) can be obtained by writing the Hilbert transform of the
non-singular parts of T';(£.), and by adding the parts corresponding to the remaining terms in
eqn (6.1). These are poles corresponding to the delta functions, and I'}§(&;) corresponding to
T'%(¢&,). Thus we obtain

2(§R)L I &)1
- TE -Gl - &) 62

Ta() = 2 Tau(£0)+ BT3(E) + A

In this equation T5i(£;) is the Chebyshev polynominal of the first kind. The pertinent relations
between Us,;_ (&) and Ty(&r), via the Hilbert transform, are given in Ref. [12].

For |&r|=<1, Q&) is related to Ty(£.) by eqn (4.15), while Q,(£;)=0 for |&|=1. The
singularities of Q.(fr) are, therefore, of the same kind as those of [;(£,). The singular nature at the
points defined by s = cg can be expressed by

Alér) = A(€r) + iAAEr) (6.3)
where
_ 2(§R)T(l - §T )IP |§ |< 1
¢33 5 §R ~ 6.4)
0 lérl=1 '
_ — w1 = (E)A1"8lEr — (&)r) - 8lér + (GR)rlhs lérl =1 (6.5)
Ayér) = 2(§R)T(§r - 1) sgn (§r) &l = 1.
: &7 - (&7 ’
The function Q,(£7) can then be expressed as
- M -— p— p—
Q&) =(1-&H" Z. QiUai o)+ ACA (1) + BDQY(ér). (6.6)

Here Q’f(fr) represents the singular behavior at the vertex. 1t follows that Qy(é7) is of the form

p— M -— - -
Molér) = ; QiTyi-\(&r) + ACAy(ér) + BDOX(&r). (6.7)

We are now ready to substitute the expressions for I';(£,), see eqn (6.2), and Q.(&r), see eqn
(6.6), into eqn (4.15). The resulting equation first yields expressions for C and D, by the
requirement that the contributions at the singular points in the range |ér|=1 from I'y(£.) and
Q,(&r), respectively, must cancel each other. We find

c=[ Kyé) dé& (6.8)

(1- g'rz)”2 df[_]fl ~{§R)1

Next the same equation can be used to express the coefficients Q; in terms of P;, A, B, C and D
by multiplying the equation by (2/m) Us;- A&r), and integrating over &r in the range (-1, 1). The
result is

N
Q= Pa;+Abj+Bc;+d; j=12,...M (6.11)
i=1
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where
2 [ - .

a;=— f_l Tolé )K€ ) Uz o{€r) dér 6.12)
2 [ [2RKAE) 2 I

bi = wj’_, [ &~ (&) CAI(Er)] Usj-alér) dér 6.13)

¢ = % L [T3(60)Ks(6r) - DOYEDIUyyo(ér) dér (6.14)
= 2(§G)L g_ ! K3(§L) E -

b= T o w ) B G V) 9 6.15)

The integrals in eqns (6.12)46.15) can be evaluated using quadrature formulas.

Equation (4.13) and (4.14) can be combined into one equation in the range [ ]<1, by
defining K (&) =0 for (&) . <|&| =<1, and K& )=0 for |&|=(éu).. The expressions for
T(é), Ta(&) and QA&r), given by eqns (6.1), (6.2) and (6.4), respectively, can then be
substituted. In the resulting equation, which holds in the range || = 1, the §-functions at the
Rayleigh points cancel each other identically. The terms representing the singular behavior at
the vertex also cancel at the point corresponding to the vertex. These results show the
compatibility of the chosen singularities with the system of equations. Next the Q,’s, given by
eqn (6.11) are substituted in the equation formed by combining (4.13) and (4.14). The resulting
equation is multiplied by (2/7)Uy..(€L), and the product terms are integrated over & in the
range (—1, 1). This results in the following system of equations

N
2P,~e;k+Afk+Bg*+hx=0. k=12,..,N {6.16)
=}

where

1 M
e = 2 [ (KU UsseX1 - 69"+ Kilge) 3y T oEr)+ Kb Tole0lUrn-(60) 06,

6.17)
2 3 ) A KoED)
fe=— fwl [Ki(fz.) E b;Tai-i(ér) +Z§—f‘éﬁ-’:’i—]  Upe—i(€r) €y, (6.18)

2 PO =
a= [, [ Kttorten + Ko {01+ 3 ol |+ Keeorsen | Unceo g,

6.19)
20 g ; 2Aéc)e Kil&)
hk p f-l [Kl(fl.) ; disz-i(fT)+ ’ﬂ'[fﬂz_(fc)LZ] . sz _“‘(fz""z)L ] Uz&—l(fL) de (6 20)

Equation (6.16) represents a system of N equation in (N +2) unknowns. Thus, two
additional equations are needed to complete the formulation. These equations are obtained by
observing that the analytic functions ®({;) and ¥({r) should vanish uniformly at infinity in
upper half planes. The required relations can be obtained by considering the behavior of ')
and {}{{r) along the real axis. On the basis of eqn (4.10), we conclude TH&r) = O™ %) as
[é2] >, where d,> 1, while eqn (4.11) yields Q(£r) = O(&*) as |&;| >, where dy> 1. Thus in
the expansions of I';(£,) the coefficient of 1/¢;> must vanish, while in the expansion of Q,(&r),
the coefficient of 1/£; must vanish. Then, using eqns (6.2) we obtain

4Bsin(qnl2) o (12—-q) 8 (%) _
Py +8(£p) A+ pr 9(2, 3 )+ﬂgz—_%za—)?—0 6.21)
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Similarly. eqn (6.4) yields

N _ ) . _
>, P+ Alb ~GnC)+ |- 2220 4B g (1 220) gy —0. o)

Equations (6.16), (6.21) and (6.22) represent a system of N +2 simultaneous linear algebraic
equations in N + 2 unknowns, namely, P; (i=1,.... N), A and B. The system can be solved on
a digital computer using standard library routines.

7. STRESS INTENSITY FACTOR
At the vertex of the wedge, a stress intensity factor K for the circumferential stress. may be

defined as
N
K=Iim{[M (i> J } (7.1)
=0 To cr 6=0

In Appendix A, the circumferential particle velocity on the faces of the wedge is expressed in
terms of K, see eqn (A13). Here we will use eqn (A13) to compute K.

An expression for riig/s® (Which equals —uy/s) is given by eqn (5.4). Near the vertex of the
wedge, i.e. for & -0, we find

du 2
—0?0 0 ,,~§Tﬁ% &la(&r). (7.2)

Equations (5.9) and (6.2) give for & -0
&1(&) ~ —Bl&|' ™ cos (mql2). (1.3)

From the mapping defined by eqn (4.1a) we obtain near the vertex

£ ~2 (%)W (—C“;)”f (7.4)

Thus, egn (7.2) can be rewritten as

L1 I Y < WP (fﬂ)(}_) 7
75 | oo M K(Z m)”"~'B cos > )& (1.5)

where the relation g = —«(p — 1)+ 1 has also been used. Comparing eqns (7.5) and (A13) we
conclude

(1-p)(1—m? sin(xkm/2) sin (pkm/2) cos (gm/2) (7.6)
k2~ "m)™®  sin{(1+ p)xmi2] cos [(1 - p)xml2] '

2
K - -B&

8. RESULTS

In this paper we are particularly interested in the nature and the strength of stress
singularities at the vertex of the wedge. In general, these stress singularities are of the form
{(s/ct)?”". For the in-plane problem with stress boundary conditions, which is considered in this
paper, the singularity of 74 follows from eqn (7.1), where p is the solution of eqn (A10). For a
wedge subjected to surface tractions of the form 7,, = 78(¢), the shear stress 74, near the
vertex is given by eqn (35) of [11]. For this case of antiplane strain we have p = 1/x. For
in-plane mixed conditions defined by 75 = —7,6(1) and 4, = 0 at § = /2, the singularity at the
vertex can be analyzed by the method discussed in Appendix A. The coefficient p then is the
solution of cos [(p + 1)«m/2] cos [(p — 1)xn/2) = 0, and we find for the lowest physical accept-
able root p = 3/k — 1. the singularity factors p — 1 for the three cases discussed above, are
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Fig. 4. Singularity coefficients for three loading conditions.

Fig. 5. Elastodynamic stress intensity factor versus the wedge angle.

plotted versus x in Fig. 4. It is noted that the stress singularity is strongest for the case
examined in this paper, for which the surface tractions are defined by eqns (2.5) and (2.6).

The elastodynamic stress intensity factor defined by eqn (7.1) is plotted in Fig. 5, for various
values of the wedge angle. It is noteworthy that K decreases as x approaches x = 2, at least in
the range of x considered here. The case « = 2 corresponds to a crack in an unbounded solid.
The singularity disappears altogether as x = 1 in the limit. For « slightly larger than unity the
method of computation used in this paper shows some instabilities, which indicates that a separate
approach is needed to consider the limitcase x -» 1. Itis of interest to list the corresponding K’s for
antiplane strain, and for mixed conditions. For antiplane strain, i.e. 1, = 1,8(¢) at 8 = £ kn/2, we
find from [11]

tix
K= i (%) sin (m/2x) @.1)

For mixed conditions, i.e. 7, = 7,8(¢) and u, = 0 at 9 = +x#/2, we find

K= ;‘-‘; m %1y — m%(3 — 4 cos? (w/2x)]} cos (w2k). 8.2)

The stress intensity factor for antiplane strain decreases as « increases from one to two, while
the stress intensity factor for the mixed conditions increases with increasing « in that range.
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APPENDIX A
Asymptotic behavior at the vertex
For elastostatic problems the elastic-field behavior in the neighborhood of the vertex of a wedge-shaped void was
analyzed by Karp and Karal[14]. In this appendix we follow essentially the same procedure for a self-similar elasto-
dynamic field.
Introducting s = rft in the elastodynamic displacement equations of motion in polar coordinates, we obtain

.0 [ou, u ]au,,] 21 6[314,, Uy lau] a[,au]
R e g Nt el S Y Sy et S Spal NPt JE- R O Al
o 35[33 s s8] Tsalas s sab) asi’ s (Al
1 3 fdu, u 123y 3 [duy ug 13u d i,
22 __’+_"+___Q + SR NN _9+_f___.4-’]=-——{ 2__8]‘ fA?.)
‘e saﬂ[as s s ao} “r as[as s sa8l sl &
The stress components are
trg 1 fou, 19y, u,} au,
Pt L Sefc g Wiihohod JERDL g JEOR Julnds {A3)
;x mz{és 538 s as
tro 10U, Ous U (Ad)

w s s s’

where m” is defined by eqn (3.22) as m* = ¢/'lc,.
For the problems considered in this paper, the displacement components depend ons only. We then assume that for
sufficiently small s. i.e. in the immediate vicinily of the vertex, the leading terms of the displacement components are of the

forms
u s, 0) = s"f(6) (AS)
Ug(s, 8) = 5°2(8). (A6)
Substituting for u, and &, in eqns (A1) and (A2}, and retaining terms of order s” > only, we find two coupled ordinary differential
equations for f(8) and g(#). Except for different symbols for m? and p, these equations are just the same as eqns (7) and (8) of
Ref. [14]. Appropriate solutions for f(6) and g(8), which correspond to symmetric displacements relative to 8=0, i.e.
u,(s. 8) = u,(s.~ ), and u,(r, 8) = ~ug(r, -9, are
f(8)= Acos(t+p)8+Ccos{l-p)o (AT)
2(8)= —Asin(1+p)8 - vCsin(l - p)f (A8)

where A and C are unknown constants, and

_mX1-py+(i+p) A9
”—(lwp)+m2(l+p)' (A9)

The stresses 7, and 7,, can now be expressed in terms of f(8) and g(6) by using eqns (A3} A8). Thc.sc expressions contain
p as a still unknown parameter. Now we introduce the condition that the stresses 7, and s vanish on the faces of the
wedge, i.e. at 8 = zxnf2. This condition yields two algebraic equations for A and C. The requirement that the determinant
of the coefficients must vanish results in the following equation relating p and «:

sin pxrr+sin T _4 (A10)
prw xT

At the vertex of the wedge, a stress intensity factor K for the circumferential stress is defined by eqn (7.1). By using
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(A3) and (AS)<AS8), we find after eliminating C in favor of A

___4pxA sin (x7/2) sin (pxn(2)
k= rolcr)'? cos[(1 - p)ami2} (Al

Another useful expression is duy/ds on the face of the wedge, which is defined by 8 = x#/2. Near the vertex we find

P
% 2~’(T_L,:‘)(S|Tm?)'sinl(l+p)m/2]. (A12)
8=xui

Eliminating A from eqns (A11) and (A12) we obtain

du KroJu  sin[(1+ p)ni2}cos (1 - p)xmi2) ( $ )" !
Ug ~ 3
35 lganer (=pX1-m) 2sin (k#/2) sin (pxmf2) cr) (A13)
APPENDIX B
Analytic functions with prescribed singularities
Let us first consider an analytic function x(¢,) of the form
X&) = =i = &) (g e @, (BI)
On the real axis we have
X(€) = i€ )+ ixalép) (B2)
where
sen (€IE (1~ 6 sin (%) Jgyl=1
i) = (B3)

v
2
AR C ARy

_Ifl,l_q(l - fl,z)”: (o213 (gzlr) lfll <]
wb)= 4 (B4)
~l&. 7 (&2 - )" sin (2’—) [&1=1.

Next we consider another analytic function x*(¢,). such that, on the real axis we have

X*E) = xT(E )+ ix3E) (BS)

where
0: ¢ =1
A ARG CA I AE

Yié) = { (B6)

Then, x3(£,) can be obtained by taking the Hibert transform of x1(¢,), i.e.

* X de
=€ —1)

X&) =f (B7)

which gives

L]

?&—.L) F(]_q—;!: 2_2*_: {1_:) sin (q_;_r) ll=1

X3 = 12-¢
267 L;_,F(z_;s,.;

ff‘ l)sin ("—") lel=1.

0D}

We can now construct the desired analytic function T*({,) as
(&) = x(¢0) - x*({y). (B9)
Another analytic function which we need in this paper is defined as

QXY= il = I, (B10)



